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Thermal and Quantum critical Properties of overdoped La2−xSrxCuO4
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1Physik-Institut der Universita¨t Zu¨rich, Winterthurerstrasse 190, CH-8057, Switzerland
We analyze the extended superfluid density data of Bozˇovic´ et al. taken on homogenous thin
films to explore the critical properties of the thermal (TSM) and quantum superconductor to metal
(QSM) transitions in overdoped La2−xSrxCuO4. The temperature dependence reveals remarkable
agreement with d-wave BCS behavior, where σ ∝ 1/λ2. No sign of the expected KTB transition is
observable. We show that the critical amplitude ρs0 = ρs (T ) / (1− T/Tc) scales as Tc ∝ ρ
1/2
s0 and
with that as Tc ∝ ρs (0), empirically verified by Bozˇovic´ et al. Together with additional evidence
for BCS behavior in overdoped La2−xSrxCuO4 we show that the scaling relation Tc ∝ λ (0)
−1
∝
∆(0) ∝ ξ (0)−1 ∝ Hc2 (0)
−1/2
∝ λ−1
0
∝ ∆0 ∝ ξ
−1
0
∝ H
−1/2
c20 applies, by approaching the QSM
and TSM transitions. This differs from the dirty limit behavior λ (0) ∝ ξ (0)1/2, maintains the Tc
independence of the Ginzburg-Landau parameter κ = λo/ξ0, and puts a stringent constraint on
the effect at work. We notice that potential candidates appear to be the nonlocal effects on the
penetration depth of clean d-wave superconductors explored by Kosztin and Legget.
PACS numbers:
Considering thin films and adopting the phase tran-
sition point of view the thermal (TSP) and quantum
(QSM) superconductor to metal transitions are expected
to fall onto the respective two dimensional (2D) xy- uni-
versality class. Accordingly the TSP transition should
exhibit the characteristic Kosterlitz-Thouless-Berezinski
(KTB) behavior1, including a discontinuous drop in the
superfluid stiffness ρs(T ) ∝ d/λ2 (T ) from2,
d
λ2
(
T−c
) = 32pi
2
Φ20
kBTc ≃ 1.017Tc, (1)
to zero, with d/λ2 (T−c ) in cm
−1 and Tc in K. Φ0 =
hc/2e ≃ 2.07 × 10−7erg1/2cm1/2. d denotes the film
thickness. In a homogenous film this relationship applies
if d/λ2 (T ) is measured at zero frequency and λ2 (T ) /d is
large compared to the lateral extent of the film. Other-
wise there is a rounded BKT-transition. In particular, if
the lateral extent of the homogeneous regions L is finite
the correlation length cannot grow beyond L. Similarly,
there is no phase transition at finite frequency because
the frequency scales as 1/ω ∝ ξzcl ∝ Lzcl and so gives
rise to a smeared Nelson-Kosterlitz jump3. Noting that
d/λ2 (T ) and ρs(T ) are related by
d
λ2 (T )
=
4piαkB
~c
ρs(T ), (2)
where kB is Boltzmann‘s , ~ Planck‘s, α the fine structure
constant, and c speed of light. From Eqs.(1) and (2) we
obtain for the BKT line the relation
Tc =
Φ20α
8pi~c
ρs(T ) ≃ 0.39ρs(T ), (3)
with Tc and ρs in K. Fig. 1a shows data taken from
Bozˇovic´ et al.4 of the superfluid stiffness ρs (T ) for a se-
lection of overdoped thin La2−xSrxCuO4. S denotes the
selected samples. The dashed line is the KTB transi-
tion temperature where at the intersection with ρs (T )
the universal jump should occur. Obviously there are no
signs for the universal jump at the respective KTB transi-
tion temperatures. In fact, the rather sharp TSM transi-
tions occur considerably above the respective KTB tran-
sition temperatures and reveal remarkable consistency
with the mean-field temperature dependence
ρs(T ) = ρs0 (Tc) t =
4piαkB
~c
d
λ2 (T )
=
4piαkB
~c
d
λ20 (Tc)
t =
4piαkB
~c
d
λ20 (Tc)
t, (4)
where t = (1 − T/Tc). Note that such an extended lin-
ear t dependence is a characteristic of feature of d-wave
BCS superconductors where thermal phase fluctuations,
driving the BKT transition, are fully neglected5. The
solid lines in Fig. 1a are fits to Eq. (4). The result-
ing fit parameters, ρs0 and Tc, are collected in Fig. (2)
and yield the scaling plot shown in Fig. 1b. Obviously,
when the QSM transition is reached, the data fall onto a
straight line and thus confirm the BCS d-wave scenario
very impressively. Given the evidence for the irrelevance
of phase fluctuations, another unexpected empirical fact
emerges from Fig. 2, depicting Tc
(
ρ
1/2
s0
)
. The dashed
line Tc = fρ
1/2
s0 , describing the approach to the QSM
transition rather well, agrees with the zero temperature
counterpart Tc ∝ ρ (0)1/2, verified by Bozˇovic´ et al.4. In
fact, this relationship contradicts the general belief that
the measured penetration depth corresponds to the Lon-
don penetration depth, whereupon
ρs (0) ∝ 1/λ (0)2 ∝ n, (5)
applies, where n is fully determined by the shape of the
Fermi surface12. For circular or spherical Fermi surfaces
it corresponds to the electron density in the normal state.
As shown by angle-resolved photoemission experiments,
this is not the case in overdoped La2−xSrxCuO4
11. How-
ever, the result is determined by the shape of the Fermi
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FIG. 1: a) Superfluid stiffness ρs (T ) for a selection of over-
doped thin films taken from Bozˇovic´ et.al.4. S denotes the
selected samples. The dashed line marks the KTB transition
temperature where the universal jump in the superfluid stiff-
ness should occur (Eq. (3)). The solid lines are fits to Eq.
(4) yielding for ρs0 and Tc the estimates collected in Fig. (2).
b) Scaling plot ρs (T ) /ρs0 vs. T/Tc.
surface and independent of Tc. Therefore even the more
general treatment of the zero temperature penetration
depth is incompatible with the empirical relation
Tc ∝ ρs(0)1/2 ∝ ρ1/2s0
∝ 1/λ (0) ∝ 1/λ0, (6)
emerging from Fig. 2. Tc ∝ ρs(0)1/2 was verified by
Bozˇovic´ et al.4 and Tc ∝ ρ1/2s0 follows from our analysis
shown in Fig. 1, yielding ρs0 (Tc) depicted in Fig.2. Note
that the observation of a diminishing ρs(0) in the over-
doped regime is confirmed by earlier measurements.6–10
In addition there is the hyperscaling prediction3,13
0 2 4 6 8 10
0
10
20
30
40
 s(0)
 
T c
 (K
)
s(0)
1/2, so
1/2 (K1/2)
FIG. 2: Estimates for the critical amplitude ρs0 (Tc), shown
as Tc versus ρ
1/2
s0 ∝ 1/λ
1/2
0
, derived from the fits shown in Fig.
1a. The dashed line is Tc = fρ
1/2
s0 with f = 3.46 K
1/2. For
comparison we included Tc versus ρs (0)
1/2 of Bozˇovic´ et al.4
ρs (0) ∝ 1/λ (0)
2 is the zero temperature superfluid stiffness
and the solid line is Tc = gρs (0)
1/2 with g = 4.2 K1/2.
Tc ∝ ρs(0)z/(D+z−2), (7)
where z denotes the dynamic critical exponent of the
quantum transition. It is applicable whenever a phase
transition line Tc (x) exhibits a critical endpoint at x =
xc of the tuning parameter x. Here the transition temper-
ature vanishes and a quantum phase transition occurs. In
thin films (D = 2) it yields Tc ∝ ρs (0), irrespective of the
value of the dynamic critical exponent z, and with that
it contradicts the empirical relation (5). Given the un-
expected empirical relation (5), the evidence for d-wave
BCS behavior in the temperature dependence of ρs (T ),
and the resulting irrelevance of phase fluctuations, it is
suggestive to explore the BCS scenario further. Con-
sidering the observable O (T ) with critical amplitude O0
and O (T = 0) = O(0), including the gap ∆, the correla-
tion length ξ and the upper critical field Hc2, the critical
amplitudes should scale as3,14
Tc ∝ ∆0 ∝ ξ−10 ∝ H
−1/2
c20
∝ ∆(0) ∝ ξ (0)−1 ∝ Hc2 (0)−1/2 , (8)
Here, λ (T ) = λ0t
−1/2, ∆ (T ) = ∆0t
1/2, ξ (T ) = ξ0t
−1/2,
Hc2 = Hc20t ∝ 1/ξ2, where t = 1 − T/Tc. These scaling
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FIG. 3: Tc versus Hc2(0). a) Taken from Y. Wang and
H.-H. Wen as derived from specific heat measurements on
La2−xSrxCuO4 single crystals
15. (: overdoped regime; •
: underdoped regime). The line is Tc = aHc2(0)
1/2 with
a = 4.5KT−1/2. b) Taken from Rourke et al. as derived
from magnetoresistance measurements La2−xSrxCuO4 single
crystals17. (:overdoped regime; •: underdoped regime). The
line is Tc = aHc2(0)
1/2 with a = 5.3KT−1/2.
relations follow from ∆(T ) ∝ 1/ξ (T ) ∝ Hc2 (T )−1/2,
and ∆ (0) ∝ ∆0 ∝ Tc.
In order to clarify their consistency with experimen-
tal facts, we need the Tc dependence of Hc2 and the gap
∆. In Fig.3a we depicted Tc versus Hc2(0) taken from
Y. Wang and H.-H. Wen derived from specific heat mea-
surements on single crystals15. Although the data are
rather sparse the flow to the QSM transition is revealed,
and consistency with the BCS scaling law (8) can be
anticipated. Consistency also emerges from Fig.3b, de-
picting the magnetoresistance measurements of Rourke
et al
17 on single crystals . Quantitative agreement with
BCS theory for a d-wave superconductivity in overdoped
cuprates stems from heat transport measurements in
Tl2Ba2CuO6+ϑ
18.
Fig. 4 shows the doping dependence of the gap in
terms of ∆ (0) /kBTc versus x for La2−xSrxCuO4 taken
from Wang et al16., derived from low temperature spe-
cific heat measurements on single crystals. The dotted
line marks the d-wave BCS value ∆ (0) /kBTc ≃ 2.14.
Note that for x & 0.19 the data are consistent with the
scaling form (8) and in addition with d-wave BCS (weak
coupling) superconductivity. More compelling evidence
for this scenario stems from heat transport measurements
in Tl2Ba2CuO6+ϑ
18. Potential candidates appear to be
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FIG. 4: Gap ∆(0) /kBTc versus x for La2−xSrxCuO4 taken
from Wang et al16. The dotted line marks the limiting d-wave
BCS value ∆ (0) /kBTc = 2.14. Note that for x & 0.19 the
data are consistent with the scaling form (8).
the nonlocal effects on the penetration depth of clean d-
wave superconductors explored by Kosztin and Legget19.
Taking the nonlocal effects into account they obtained for
a specular boundary the relation
λspec (0)
λL (0)
= 1 +
pi
√
2
16
ξ (0)
λL (0)
, (9)
where λL (0) is the zero temperature London penetra-
tion depth. Considering the limit ξ (0) /λL (0) >> 1
they expected no significant corrections at zero tem-
perature. This differs from the present case where the
QSM transition is approached, ξ (0) ∝ 1/Tc tends to
diverge and the limit ξ (0) /λL (0) >> 1 is attained.
4In this case the nonlocal corrections dominate and Eq.
(9) reduces, in accordance with the empirical relation
((6), to λspec (0) ∝ ξ (0) ∝ 1/Tc. To estimate the Tc
regime where this limit is reached we calculate the Tc
dependence of ξ (0). With ξ (0)
2
= Φ0/ (2piHc2 (0)) and
Tc = aHc2(0)
1/2 with a = 5 KT−1/2 (see Fig.3) we obtain
ξ (0) ≃ 900/Tc A with Tc in K. Consequently ξ (0) /λL (0)
>> 1 is fulfilled if λL (0) << 900/Tc A, where λL (0) is
fully determined by the properties of the Fermi surface.
In summary, we analyzed the temperature depen-
dence of the superfluid stiffness of selected overdoped
La2−xSrxCuO4 thin films, using the data of Bozˇovic´ et
al.4. The temperature dependence did not exhibit any
sign of the expected KTB transition. We observed re-
markable consistency with a linear temperature depen-
dence, pointing to d-wave BCS behavior. On the other
hand, we have shown that the critical amplitude ρs0 and
the zero temperature counterpart ρs(0) adopt essentially
the same Tc power law dependence. This contradicts the
standard result, whereupon ρs(0) remains finite and is de-
termined by Fermi surface properties. Exceptions include
dirty limit superconductors, where ρs(0) ∝ Tc. Moreover
we have shown that the Tc of ∆ (0) and Hc2 (0) are con-
sistent with the expected BCS behavior, as it should be,
because both are proportional to some power of the cor-
relation length ξ (0). Noting that the correlation length
is the essential length scale the measurements of Bozˇovic´
et al.4 imply that ρs(0) ∝ ρs0 ∝ ξ (0)−2 ∝ ξ−20 holds by
approaching the TSM and QSM transitions down to 5
K. We observed that potential candidates appear to be
the nonlocal effects on the penetration depth of clean d-
wave superconductors explored by Kosztin and Legget19.
It should be kept in mind, that closer the QSM transi-
tion (Tc = T = 0) quantum fluctuations are expected
to modify the outlined scaling behavior and uncover the
difference between bulk and thin film samples.
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